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Abstract: We study high-order harmonic generation (HHG) in armchair-type single-wall carbon
nanotubes (SWNTs) driven by ultrashort, mid-infrared laser pulses. For a SWNT with chiral
indices (n, n), we demonstrate that HHG is dominated by bands |m| = n− 1 and that the cut-off
frequency saturates with intensity, as it occurs in the case of single layer graphene. As a
consequence, HHG in SWNTs can be described effectively as a one-dimensional periodic system,
whose high-frequency emission can be modified through the proper control of the structural
parameters. Additionally, we show that the HHGmechanism in nanotubes has some similarities to
that previously reported in single layer graphene. However, as a main difference, the electron-hole
pair excitation in SWNTs is connected to the non-adiabatic crossing through the first van Hove
singularity of the |m| = n− 1 bands, instead of the crossing through the Dirac point that takes
place in graphene.
© 2020 Optical Society of America under the terms of the OSA Open Access Publishing Agreement
1. introduction
Carbon nanotubes are carbon allotropes with quasi-one dimensional periodic structure. Their
remarkable mechanical, electrical and thermal properties have attracted considerable interest
since their discovery at the early 90’s. They were first reported as carbon microtubules, made of
concentric shells and diameters ranging from a few to several hundred nanometers [1]. Some years
later, single-wall carbon nanotubes (SWNTs) were synthesized rolling monolayer graphene [2,3].
SWNTs have diameters around the nanometer and an extraordinarily perfect crystalline structure.
SWNTs are also interesting topological objects, with electronic, optical and structural properties
depending on the rolling direction (chiral angle) of the graphene sheet. These somewhat complex
structures, which exhibit tens to hundreds of atoms in the unit cell, have well defined symmetries
that easy the understanding of their physical properties [4,5].
Recently, the nonlinear optical response of periodic systems to intense mid-infrared radiation
has captivated the interest of the scientific community. High-order harmonic generation (HHG) in
crystalline solids has been a subject of interest already at the early days of the study of strong-field
phenomena, either in realistic bulk solids [6] or dimensionally reduced models [7,8]. Experiments
in crystalline solids subjected to intense fields have been demonstrated to emit high harmonics
[9], resulting from the non-perturbative electronic response to the driving field. HHG has been
extensively studied in atomic and molecular systems [10]. In gases, harmonics are radiated upon
the recollision of electrons, that are first ionized, next accelerated and finally, redirected to the
parent ion by the electromagnetic field [11,12]. The absence of a privileged resonance results
in well defined plateau structures in the harmonic spectra extending up to cut-off frequencies
at the extreme ultraviolet (UV) or even, at the soft x-rays regime [13,14]. In finite-gap solids,
interband HHG follows a mechanism similar to that in gases or molecules, but ionization is
replaced by the tunnel excitation from the valence to the conduction band, and the harmonic
radiation occurs when the exited electron recombines with its hole [15]. Single layer (gapless)
graphene has also been recently demonstrated to produce high order harmonics when interacting
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with a strong mid-infrared (IR) field [16]. It has been shown that HHG in this system differs from
bulk solids, as the first step (tunnel excitation) is replaced by electron-hole pair creation during
the non-adiabatic crossing of the momentum-space trajectories near the Dirac points [17]. This
fact introduces an extraordinary complexity, since the initiation of the HHG process is not linked
to the field’s amplitude maxima, when tunnel excitation is more likely. Graphene shows also an
interesting non-linear anisotropy, allowing for photon spin conversion and ultrafast polarization
changes in the emitted harmonic spectra [18].
Despite the considerable effort in the study of HHG in graphene and other 2D materials, similar
studies for technologically feasible lower dimensional geometries —quasi 1D— are not abundant
[19]. In this paper we present theoretical results of HHG in armchair-type SWNTs induced by
few-cycle IR laser pulses. We demonstrate that, in this context, SWNTs behave effectively as
one-dimensional two-band systems, whose properties can be modified with the choice of the
SWNT’s geometry. Remarkably enough, a recent experimental report shows that the high order
harmonic emission spectra can be controlled either by tuning the electronic structure of SWNTs
or carrier injection using electrolyte gating approaches, with up to the 11th-order harmonic being
observed in semiconductor tubes of relative large band gap ∼ 1.26 eV [20].
The paper is organized as follows: First, we briefly review the structural characteristics of
SWNTs, with special emphasis on their symmetries and the zone-folded electronic band structure.
Next, in section 3 we present our method for the numerical integration of the time-dependent
Schrödinger equation (TDSE) in SWNTs. In section 4 we present and discuss our results for
the high harmonic spectra and, using a semiclassical model, we describe the HHG mechanism
along with the dependence of the cut-off frequency with the intensity. Finally, we present our
conclusions.
2. Structure of A-type single-wall carbon nanotubes
For diameters above one nanometer, the effects of curvature can be neglected and the SWNT’s
electronic structure can be derived from that of single-layer graphene [21,22]. The nanotube
corresponds to a graphene sheet rolled along the direction pointed by the chiral vector Ch =





3/2,−1/2) the graphene’s primitive vectors, with a0 = 2.46 Å. The chiral indices
(n1, n2) define the nanotube diameter dt = |Ch |/π, the chiral angle θ between Ch and a1,




n21 + n1n2 + n
2
2/NR,
where NR = gcd (2n1 + n2, 2n2 + n1). A-type —armchair— nanotubes correspond to chiral
indices (n, n) and |θ | = 30◦, while (n, 0) denotesZ-type —zigzag— tubes, with |θ | = 0◦. Both
zigzag and armchair tubes are achiral species, unlike C —chiral— nanotubes, where n2 , n1
(ni , 0).
Figure 1 shows the structure of a (9, 9) armchair SWNT in (a) real and (b) reciprocal space,
respectively. Symmetries of SWNTs are directly related to chirality. All nanotube species show
a-period translational symmetry along the tube axis (z axis, by convention), a screw axis of pure
rotational symmetries, which in the case of A-type nanotubes coincides with the tube axis, and
π-rotational symmetry around the U-axis, transverse to z. In addition, Z and A-type tubes
present mirror symmetries in the horizontal xy-plane (σh) and vertical yz-plane (σv). Figure 1(a)
shows the essential symmetry elements of armchair nanotubes. Note that σh = U · σv.
The translational periodicity implies the conservation of the quasi-momentum along the
nanotube axis k. Besides, the rotational symmetry around the z-axis implies the conservation
of m, the z-projection of the electron’s orbital angular momentum. For A-type nanotubes, the
mirror reflection planes impose well-defined parities to the electronic states: the parity with
respect to σv is denoted as A for even states, and B, for odd ones, while the parity under σh
reflections is denoted by ± for even and odd states, respectively. Therefore, the state of the
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Fig. 1. (a) View of the structure and symmetries of a (9,9) armchair nanotutube. Magenta
and green circles represent the atoms in the two sublattices of the unrolled graphene sheet.
(b) Allowed k vectors in the first Brillouin zone of (9,9) armchair tube (green lines). This
nanotube has 36 C-atoms in its unit cell, q = 18, m = 0,±1,±2, . . . ,±8, 9 and dt = 12.2 Å.
The red hexagon shows the boundary of the graphene’s BZ along with the high symmetry
points K and Γ.
electron corresponds to a particular irreducible representation of the line group, characterized by
the set {k,m,A/B,±}.
Curvature effects being neglected, SWNT’s Brillouin zone (BZ) can be constructed from
graphene’s using the zone-folding approach, i.e. considering the nanotube as graphene with
periodic boundary conditions along the circumferential direction [4,5]. As a result, the BZ of the
nanotube corresponds to a set of q —the number of hexagons in the unit cell— straight lines
with length 2π/a, parallel to the tube axis and separated by constant distances 2/dt. Each line is
labelled by the index m, which takes integer values in (−q/2, q/2]. As an example, Fig. 1(b)
depicts the BZ of (9,9) armchair. Note that for A-type tubes, the translational period is a = a0.
Within the nearest-neighbor tight-binding approximation, the energy dispersion is given by
E±(k) = ±γ |f (k)|, where γ = 2.97 eV is the hopping parameter and f (k) the complex function











being k⊥ = 2m/dt the set of wave vectors along the circumferential direction. Figure 2 shows the
band structure of the (9,9) nanotube. Bands are labelled according to the value of |m| and the
parities upon the vertical and horizontal mirror symmetries, A/B and +/− respectively. Bands
with m = 0 and 9, drawn in black, are singlets with + parity, while the rest of bands are doubly
degenerated in the interval a0k ∈ [0, π), with E = A or B parity, and converge at a0k = π. For
ka0 = 0 all states have + parity. A-type (n, n) nanotubes are semimetals, as both valence and
conduction bands are degenerated at the point a0k = ±2π/3 of the band m = n, corresponding to
the Dirac points K and K’ of the graphene’s Brillouin zone, see Fig. 1(b). The density of states
(DOS) profile is shown as a shaded area in the background of Fig. 2. Van Hove singularities
correspond to points where the slope of the energy bands is null.
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Fig. 2. Band structure of (9,9) armchair. The energy is given in units of the frequency of a
3µm driving field (~ω0 = 0.41 eV). The horizontal axis represents the wave vector times the
translational period a0. The solid (dashed) black lines indicate the m = 0 (m = 9) singlets.
The rest of the bands represent double degenerated states E±
|m | , with E = A/B. Parities under
σh reflections at a0k = 0 and π are also indicated. The pink-filled profile in the background
shows the density of states, dominated by the van Hove singularities.
3. Interaction with an electromagnetic field
Symmetries ofA-type SWNTs impose selection rules for the optical transitions between electronic
states. If the incident electric field is linearly polarized along the nanotube axis, optical transitions
are essentially vertical, conserve m and A/B, while swap ±. As a result, transitions A+0 → B
+
0
and B+n → A+n are forbidden in any (n, n) A-type tube. The rest of transitions involving bands
|m| = 1, . . . , n−1 are allowed for any a0k ∈ (0, π], but they are forbidden at a0k = 0. Furthermore,
the electronic intraband dynamics are also subjected to the Umklapp rule m′ = m ± n (mod 2n),
so that m shifts to m′ when the first Brillouin zone is exceeded through a0k = π [4,23].
Let us consider anA-type SWNT being irradiated by a laser pulse F(t) linearly polarized along
the direction of its axis. Within the dipole approximation, the interaction is described by the
time-dependent Hamiltonian H(t) = H0 − qeF(t)z, where qe is the elementary charge. If Φ±m(k; r)










C+m(k, t)Φ+m(k; r) + C−m(k, t)Φ−m(k; r)
]
dk. (2)
As shown for graphene in [17], introducing the oscillating frame ~κt = ~k − qeA(t)/c, where A(t)
is the vector potential, and using the transformation:
CMm (κt, t) = C+m(κt, t) − C−m(κt, t) (3)
C̃Pm(κt, t) = e−iφm(κt)
[
C+m(κt, t) + C−m(κt, t)
]
, (4)
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CMm (κt, t) =
E+m(κt) + E−m(κt)
2













e−iφm(κt)CMm (κt, t), (6)
where E±m is the energy of the valence (-) and conduction (+) bands with index m, and φm is the
phase of the complex function f (k) in Eq. (1). The harmonic emission is then proportional to the































4. Results and discussion
Equations (5), (6), (7) and (8) have been integrated numerically considering mid-IR 8-cycle
driving pulses. The electric field is assumed linearly polarized along the nanotube axis and
defined as F(t) = F0 sin2(πt/8T) sin(ω0t) for 0 ≤ t ≤ 8T and 0 at any other t, being F0 the field’s
amplitude, T the period, and ω0 = 2π/T the frequency. The beam is aimed perpendicularly to the
nanotube, thus traversing an atomic-size thickness and therefore, we neglect propagation effects.
Figure 3 shows the calculated HHG yield from (9,9) A-tube at a driving peak intensity of
5 × 1010 W/cm2 and 3 µm wavelength. The pulse duration is 28 fs (2.9 cycles) at full width at
half maximum (FWHM), which is smaller than the decoherence time due to carrier collisions
[24–26]. Figure 3 shows clearly the emergence of a spectral plateau extending up to a cut-off
frequency, which corresponds to the seventh harmonic. Note that the intensity used here is about
two-orders of magnitude below the "transition intensity" to non-perturbative HHG, predicted
in 1D models [7]. Only odd-order harmonics are present in the spectrum, as a consequence of
centrosymmetric structure of the system. All harmonics are linearly polarized in the direction of
the tube axis.
Fig. 3. The solid line represents the total harmonic yield from (9,9) A-tube driven by a
3µm wavelength, 28 fs (2.9 cycles) FWHM pulse at 5 × 1010 W/cm2 peak intensity. The
dotted line indicates the intraband spectral component.
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We can analyze the contribution of the different m bands to the harmonic spectra by considering
the specific form of the component parallel to the nanotube axis of the interband matrix element



























Figure 4(a) shows the magnitude of the matrix element |Dm(k)| in the (9, 9)-armchair tube
for different band indices m. Consistent with the symmetry considerations discussed above,
|Dm(k)| is null for m = 0, 9. As a consequence, the contribution of these bands to the total HHG
corresponds solely to the intraband dynamics. For the rest of bands, the coupling shows peaks of
magnitude increasing with |m|, corresponding to the first four van Hove singularities in the DOS.
The absolute maximum of |Dm(k)| is reached at the first van Hove singularity. This suggests
that the interaction with the driver laser is much stronger for the states packed at the first van
Hove singularity than for others and therefore, that the interband emission spectra is mainly due
to transitions within such states. Note that the increased band curvature near the Dirac points
entails sharper van-Hove singularities and, therefore, enhances the efficiency of the interband
transitions in HHG. In contrast, 1D models with finite gaps demonstrate intraband currents as the
main source of harmonic radiation [30]. This behavior is further illustrated in Fig. 4(b), where
Fig. 4. (a) Matrix element |Dm(k)| corresponding to the (9,9) armchair tube for different m
values. The dotted line at a0k = 2π/3 indicates the band’s crossing point for m = 9. (b)
Contribution to the harmonic yield from the different values of m. The driver’s parameters
are the same as in Fig. 3.
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we show the different contributions to the emission spectra from the (9,9)-A-tube corresponding
to several values of m. The coherent addition of the contributions from all m-values gives the
spectrum shown in Fig. 3. Nevertheless, note that the higher order harmonics are given by
the contribution from the slices |m| = 8 of the Brillouin Zone shown in Fig. 1(b), which are
connected with the first van Hove singularity. The other points of the BZ, where |Dm(k)| and the
curvature of the bands are weaker, contribute to the lower order harmonics mainly with intraband
radiation. Note that the band gap at the first van Hove singularity is near resonant with a 5ω0
transition, thus enhancing the interband component of the high harmonic emission.
Figure 5 shows the harmonic yield from several A-tubes of different diameters. The basic
features of the spectra are maintained, although the efficiency of the higher order harmonics in
the spectral non-perturbative area (5th and 7th) increases with the tube diameter. Note that the
slope of the bands closest to a0k = 2π/3 increases with the tube diameter, which implies that
the number of electronic states available at the maximal values of Dm(k) also increases. Also,
the value of |Dm(k)| approaches the singularity at the Dirac points, which explains the higher
efficiency of the harmonics. It is also observed that, as the diameter increases, the 5th harmonic
is red-shifted since the resonance with the gap energy of the m = n − 1 band is reduced. Note
that the cut-off barely changes, independently of the size of the nanotube.
Fig. 5. Harmonic yield from (9,9), (10,10), (11,11) and (12,12) armchair tubes. The
diameters of these tubes are dt = 1.22, 1.36, 1.50 and 1.63 nm, respectively. The electric
field parameters are those in Figs. 3 and 4(b).
Figure 6(a) shows the spectral yield from the (9,9) A-tube irradiated by a driving pulse of
the same duration and wavelength, but with peak intensity of 5 × 1012 W/cm2. As intensity
increases, the spectral plateau is extended towards the extreme UV. In Fig. 6(b) we show the
scaling of the cut-off frequency with the driving field intensity. The filled area in the background
corresponds to intensities above the damage threshold, assuming that the damage threshold
fluence is 150 mJ/cm2 [31]. Note that the cut-off frequency saturates at the largest intensities to a
photon energy of ' 16.7 eV, which is the gap corresponding to the maximum oscillation of the
coupled quasimomentum κt. This saturation has also been described in graphene [17] and in gap
semiconductors [32].
The spectral features of the radiated harmonics can be described in semiclassical terms. For
this purpose we use the saddle-point approach model (SPAM) introduced for single layer graphene
[17,33]. The SPAM demonstrated that the high-harmonic spectra in graphene results from the
recombination of electron-hole pairs, created during the non-adiabatic crossing of the Dirac
points by the electron trajectories. For the description of SWNTs, we shall replace this condition
by the non-adiabatic crossing through the first van Hove singularity. In nanotubes, therefore,
the SPAM describes the q-th order harmonic emission as the Fourier transform of the dipole
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Fig. 6. (a) Harmonic yield from (9,9)A-tube driven by a 3µmwavelength, 28 fs (2.9 cycles)
FWHM pulse at 5 × 1012 W/cm2 peak intensity. (b) Cut-off scaling with intensity from
(9,9) armchair. The blue diamonds are the result of the numerical integration of the TDSE.
The red circles are predicted by the semiclassical SPAM considering electron-hole creation
at the first van Hove singularity: a0k = 2π/3, m = 8. The filled area in the background
corresponds to intensities above the damage threshold.
acceleration, computed from the k-space integral:









~ [Sm(k,t,tH )+q~ω0t]Dm(κ t)dkdt, (10)






dτ, Dm0 is a constant, and tH is the time of crossing
the first van Hove singularity, when the electron-hole pairs are generated. Taking into account that
the main contributions to the integral in Eq. (10) are the stationary-phase points [15,33,34], from
saddle-point analysis we find that the harmonic emission occurs when the following conditions









m(κt) = q~ω0, (12)




m(κτ) are the velocities of the valence and conduction band electrons. In
this semiclassical framework, conditions (11) and (12) define the generation mechanism for HHG
in SWNTs: (i) as a consequence of the interaction with the field, the electron initially at point k in
the valence band oscillates with amplitude κt − k; (ii) at time tH the electron crosses the first van
Hove singularity, where Dm reaches its maximal value, and is promoted to the conduction band,
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Fig. 7. (a) Map of the energy of the emitted photon for different classical trajectories
computed with the SPAM, being tH the time of creation of the electron-hole pair and t
the potential time of the photon emission. The points where the electron-hole trajectories
intersect in direct space at time t are represented by the red area. (b) Electron and hole
trajectories corresponding to point A illustrated in panel (a). The trajectories of the electron
(black solid line) and the hole (dashed line) are represented as a function of time. The
red curve represents the energy gap Eg(t) between the electron and the hole during their
oscillation in the bands. The figure corresponds to a driving laser pulse of 3 µm wavelength
with constant intensity of 5 × 1011 W/cm2 targeting a (9,9) armchair tube.
leaving a hole; (iii) according to Eq. (11), the electron-hole pair will quiver in the momentum
space until time t, when their trajectories intersect in the real space; and (iv) upon recombination,
a photon resonant with the band gap at κt is emitted, thus fulfilling Eq. (12).
The SPAM predicts that the maximum energy of the photon emission will be the maximum
gap experienced by the electron-hole pair during its oscillation in the reciprocal space. For (n, n)
tubes, the first van Hove singularity is located at the band m = n − 1 and therefore, this band
holds the relevant contribution to the total HHG, as shown in Fig. 4(b). If the driving pulse is
strong enough, the electron-hole pair originated in the band m = n − 1 will eventually exceed the
first Brillouin zone at a0k = π and shift the oscillation to band m = 0 according to the Umklapp
rule. In particular, for (9,9) A-type tubes the maximum gap experienced by the electron-hole
pairs created at m = 8 corresponds to 16.7 eV, which matches with the value of the saturated
cut-off energy shown in Fig. 6(b). As the nanotube diameter increases, the contributions from
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the second and third van Hove singularities become more relevant, increasing the efficency of the
HHG (as shown Fig. 5).
Figure 7(a) shows a map of the energy gap experienced by an electron-hole pair, created at
the first van Hove singularity in time tH , as a function of time t. The map corresponds to a 3
µm wavelength pulse with constant intensity of 5 × 1011 W/cm2 targeting an (9,9) A-tube, thus
representing in a simple way the phenomenology during the cycle of maximum amplitude of
the 8-cycle laser pulse considered above for the quantum mechanical model. The red-colored
areas correspond to electron-hole trajectories created at tH that overlap in the same unit cell in
the real space at time t. As an example, in point A the electron-hole pair is created at tH ' 0.35T
and emits a ' 19~ω0 photon when recombined at t ' 0.85T . Figure 7(b) shows the classical
trajectories of this electron. Note that, for the laser parameters in Fig. 7(a), the maximal photon
energy is given by the highest contour constrained to the red-colored area. Therefore, we can use
these kind of maps to identify the cut-off frequency of the HHG spectra at each intensity and
wavelength. Figure 6(b) shows a comparison between the SPAM cut-off prediction (red circles)
and the results of the exact integration of TDSE (blue diamonds). Both results are in excellent
agreement.
Additionally, we show in Fig. 8 the SPAM energy map at 3 µm wavelength for a pulse of
larger intensity 1013 W/cm2. As it also happens in single layer graphene [17], when the driver’s
intensity increases, the topology of the red-colored region becomes more complex, so the same
harmonic may be emitted by two or more sets of trajectories within the same half cycle of the
field. In particular, note that Fig. 8 shows four sets of contributions, labelled from a to d, for the
maximum (cut-off) frequency.
Fig. 8. Energy map for the emitted harmonic photon from a (9,9) armchair tube according to
SPAM for a driver peak intensity of 1013 W/cm2. The points corresponding to intersecting
electron-hole trajectories are highlighted in red.
5. Conclusions
We have studied the non-perturbative emission of armchair (n, n) carbon nanotubes irradiated
by intense few-cycle infrared laser pulses, both from the numerical integration of the TDSE
and using a semiclassical model. We have found that the harmonic spectrum follows the
typical non-pertubative characteristics, a plateau followed by a cut-off frequency. We show
that high-harmonics are generated mainly from interband —valence to conduction— transitions
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between nanotube bands with index |m| = n − 1. According to our semiclassical model, HHG is
initiated by electrons initially quivering in the valence band, that are promoted to the conduction
band during the non-adiabatic excursion across the first van Hove singularity. This first step
shares similarities with the case of graphene, and departs strongly from the tunnel picture, valid
for atoms, molecules and bulk solids. After the excitation to the conduction band, the generated
electron-hole pair evolves under the influence of the electric field. The harmonic emission takes
place upon recombination of the pair when both electron and hole overlap in real space. In
comparison with graphene, HHG in nanotubes is constrained by their one-dimensional nature, i.e.
the discrete nature of the reciprocal space: nanotubes with larger diameters emit harmonics more
efficiently, since the |m| = n − 1 band is closer to the Dirac points, the first van Hove singularity
becomes more pronounced and the dipole matrix element is increased. Our semiclassical model
predicts the scaling of the harmonic cut-off frequency with the driving field intensity and fully
characterizes the electron-hole pairs’ creation and recombination times leading to the emission
of harmonics. The results presented in this manuscript may be extended in future works to the
analysis of the influence of chirality and driver’s polarization on the high harmonic emission
spectra.
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